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Historical Remarks:

The theory of PDE’s is new. Was developed at around the 50’s.

Much latter than the physical theories were stated (Fluids,Elasticity,

Maxwell, QM, GR, YM)

When people attempted to compute numerical solutions.

Is a contemporary and very active field of research. In particular linked to

numerical simulations.
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Cauchy problem

Consider a system of first order PDE’s

Aµ(x)∂µu = F (x) u is a vector,Aµ a matrix

t = 0
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Cauchy problem

Aµ(x)∂µu = F (x) u is a vector,Aµ a matrix

t = 0

t = T
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Cauchy problem

If Aµnµ is invertible we can solve for the field off the surface if we know the

field on the surface.

In such a case the surface is called non-characteristic or Cauchy

Aµ(x)∂µu = F (x) u is a vector,Aµ a matrix

t = 0

na

na
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Cauchy problem

Cauchy-Kowalevski Theorem: IfA(x) andF (x) are analytic then for every

analytic initial dataf((̂x)) there exists a region aroundΣ0 such that a solution

to the system exists this solution is analytic and furthermoreu|Σ0
= f(x̂).

Holmgrem’s Theorem: even whenf is not analytic, if a solution exists, it is

unique in a domain bounded by characteristics surfaces.

Everything seemed to be O.K.

t = 0

na

na
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Cauchy problem: examples

φ,11 + φ,22 = f





u

v





,1

+





0 1

−1 0









u

v





,2

=





f

0



 u := φ,1 v := φ,2

In this case0 = det(Aµnµ) = n2
1 + n2

2 =⇒ nµ = 0 so there is no

characteristic surfaces.

Elliptic equations, if you know the solution on a nbh. of a point you know it

everywhere.

Something funny...
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Cauchy problem: examples

φ,11 − φ,22 = f





u

v





,1

+





0 −1

−1 0









u

v





,2

=





f

0



 u := φ,1 v := φ,2

In this case0 = det(Aµnµ) = n2
1 − n2

2 =⇒ nµ = (1,±1) so there are

characteristic surfaces.

Hyperbolic equations, characteristics are maximum propagation speeds.

Concept of domain of dependence.
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Cauchy problem: examples

φ,11 + φ,2 = f





u

v





,1

+





0 0

−1 0









u

v





,2

=





f + v

0



 u := φ,1 v := φ,2

In this case0 = det(Aµnµ) = n2
1 =⇒ nµ = (0, 1) so there is only a

characteristic surface.

Parabolic equations, if you know the solution on a nbh. of a point you know it

everywhere.

Something funny...
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Constant Coefficient Systems

ut(t, x) = P (∂)u(t, x) P (∂j) =
∑

|α|≤m

AαDα non-characteristic surface

u(t, x) =
∑

k

eix·kû(t, k) û(t, k) :=

∫

e−ix·ku(t, x)

ût = P (ik)û =⇒ û(t, k) = eP (ik)tu(0, k)

f(x) =
∑

|k|<r

eix·kf̂(k) =⇒ u(t, x) =
∑

|k|<r

eix·keP (ik)tu(0, k)f̂(k)

Good for finite series, essentially Cauchy-Kowalevski theorem.
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)

IF ||u(t, ·)||2 = ||û(t, ·)||2 ≤ C||f̂(·)||2 = C||f(·)||2
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)

IF ||u(t, ·)||2 = ||û(t, ·)||2 ≤ C||f̂(·)||2 = C||f(·)||2

ONLY IF if not, there exists a sequence{(kl, f̂l)} with |f̂l| = 1 and

|eP (ikl)f̂l| = l.
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)

IF ||u(t, ·)||2 = ||û(t, ·)||2 ≤ C||f̂(·)||2 = C||f(·)||2

ONLY IF if not, there exists a sequence{(kl, f̂l)} with |f̂l| = 1 and

|eP (ikl)f̂l| = l.

For Laplacianit is not bounded, grows exponentially with|k|.
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)

IF ||u(t, ·)||2 = ||û(t, ·)||2 ≤ C||f̂(·)||2 = C||f(·)||2

ONLY IF if not, there exists a sequence{(kl, f̂l)} with |f̂l| = 1 and

|eP (ikl)f̂l| = l.

For Waveit is bounded by one,P (ik) is diagonalizable and has imaginary

eigenvalues.
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)

IF ||u(t, ·)||2 = ||û(t, ·)||2 ≤ C||f̂(·)||2 = C||f(·)||2

ONLY IF if not, there exists a sequence{(kl, f̂l)} with |f̂l| = 1 and

|eP (ikl)f̂l| = l.

For Heatit is not, either|eP (ik)| or |e−P (ik)| grows exponentially with|k|2.
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Constant Coefficients: Stability

When is the solution at a given time has a continuous dependence with

respect to initial data?Hadamard

This happens if and only if|eP (ik)| < C independent ofk. (When

considering the same norm for initial data and solution)

IF ||u(t, ·)||2 = ||û(t, ·)||2 ≤ C||f̂(·)||2 = C||f(·)||2

ONLY IF if not, there exists a sequence{(kl, f̂l)} with |f̂l| = 1 and

|eP (ikl)f̂l| = l.

Without stability you can not compute anything!
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Strong Hyperbolicity

Restrict to first order systemsP (∂) = Aa∂a + B

Most systems can be put in first order

More on this latter for second order systems
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Strong Hyperbolicity

Restrict to first order systemsP (∂) = Aa∂a

When is|eP (ik)| ≤ C?
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Strong Hyperbolicity

Restrict to first order systemsP (∂) = Aa∂a

When is|eP (ik)| ≤ C?

When for eachka, Aaka has real eigenvalues and a complete set of

eigenvectors (diagonalizable).
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Strong Hyperbolicity

Restrict to first order systemsP (∂) = Aa∂a

When is|eP (ik)| ≤ C?

When for eachka, Aaka has real eigenvalues and a complete set of

eigenvectors (diagonalizable).

Definition of Strong hyperbolicity for constant coefficientsystems
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Strong Hyperbolicity

Restrict to first order systemsP (∂) = Aa∂a

When is|eP (ik)| ≤ C?

When for eachka, Aaka has real eigenvalues and a complete set of

eigenvectors (diagonalizable).

Definition of Strong hyperbolicity for constant coefficientsystems

Alternatively: It is SH if there existH = H(k) positive definite bilinear form

such thatH(k)Aaka is symmetric.
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Strong Hyperbolicity

Restrict to first order systemsP (∂) = Aa∂a

When is|eP (ik)| ≤ C?

When for eachka, Aaka has real eigenvalues and a complete set of

eigenvectors (diagonalizable).

Definition of Strong hyperbolicity for constant coefficientsystems

Alternatively: It is SH if there existH = H(k) positive definite bilinear form

such thatH(k)Aaka is symmetric.

Symmetric hyperbolicity: IfH does not depend onka. Most physical systems

can be cast in Symmetric Hyp. form.
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Why does it works?

In the strongly hyperbolic case this limit does not depends on lower order

terms
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The Symmetric Hyperbolic World

Geroch Cargese Lectures
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The Symmetric Hyperbolic World

Different times (If the system is SH for one choice of time, then it is so in an

open nbh. of time choices).
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The Symmetric Hyperbolic World

Localization (If the data is vanishes in a region, then it vanishes in a whole

region which extends up to the characteristic surfaces).
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The Symmetric Hyperbolic World

Ja := u(Hta + HAa)u ∂aJa = u(ta∂aH + ∂aAa + HB)u

E0

E1

na

na

Ω

Σ1

Σ0

E1 = E0 +

∫

∂aJa E :=

∫

Jana

If we deformna, Jana > 0 until Kern(Jana) 6= ∅ that is we encounter a charac-

teristic surface.
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The Symmetric Hyperbolic World

Uniqueness

Finite propagation speed

Localization

Existence

Stability

Can generalize to variable coefficients

Can generalize to quasilinear systems
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The strongly Hyperbolic World

Many times???Difficult, but OK

Finite prop. and Localization???Indirect (using Holmgrem’s) butOK

Existence???OK

Stability???OK

Generalize to variable coeffs.???Need pseudo-differential calculus and

certain smoothness ofH(x, k).

Generalize to quasilinear systems, OK once previous step isOK via iteration.
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The strongly Hyperbolic World

Many times???Difficult, but OK

Finite prop. and Localization???Indirect (using Holmgrem’s) butOK

Existence???OK

Stability???OK

Generalize to variable coeffs.???Need pseudo-differential calculus and

certain smoothness ofH(x, k).

Generalize to quasilinear systems, OK once previous step isOK via iteration.

Why bother then!
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Why bother? Example

Maxwell equations:

Wij := ∂iAj

∂tEi = ∂jWji − ∂jWji − α(∂jWij − ∂iWj
j)

∂tWij = ∂iEj −
1

2
βeij∂

kEk

This system is symmetric hyperbolic forα < 0 andβ < − 2
3 (most general

symmetrizer built out of the 3-metric). But strongly hyperbolic for all (α, β) such

thatαβ > 0. Standard Maxwellα = β = 0
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Why bother?

Can treat second order systems

Can understand constraint propagation

Can obtain most general boundary value conditions (Kreiss-Winicour)
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First Order Pseudo-Differential Sys-
tems

∂tu = P (u, x, t, D)u :=

∫

p(u, x, t, ωi)e
iωix

i

ûdΩ

The above system is said to be pseudo-differential of first order if the

following limit exists,

lim
λ→∞

1

λ
p(u, x, t, λωi) := p1(u, x, t, ωi)

and does not identically vanishes.

If furthermoreip1(u, x, t, ωi) has only real eigenvalues and a complete set of

eigen-vectors we say the systems isstrongly hyperbolic.

Strongly hyperbolic pseudo-differential operatorsplus technical smoothness

conditionare well posed. [Taylor, Kreiss-Ortiz-R]

True, for instance, if the eigenvector multiplicity is constant for each

eigenvalue.
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Summary

Strongly hyperbolic differential (and pseudo-differential) systems are well

posed↔ stability

There are global energy norms (pseudo-differential operators)↔ Connection

between truncation error and solution error

Strongly hyperbolic differential (and pseudo-differential) systems have finite

propagation speeds. With domain of dependence given by their characteristic

fields↔ finite stencils, CFL linear condition, localization

Symmetric hyperbolic energy↔ Summation by parts in finite differences

Strongly hyperbolic pseudo-energy↔ Pseudo-spectral methods
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Applications:

ADM-BSSN first-second order systems [Frittelli-R,

Sarbach-Calabrese-Pullin-Tiglio, Kreiss-Ortiz, Nagy-Ortiz-R]

Constraint propagation. [Hyperbolicity properties of subsidiary systems of

constraints.]
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ADM equations I

Gab = 0 ⇒











































Lnhab = −2kab,

Lnkab = (3)Rab − 2ka
ckbc + kabkc

c − DaDbN
N ,

(3)R + (kc
c)2 − kabk

ab = 0,

Dbkba − Dak = 0,
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ADM equations II

L(t−β)hij = −2Nkij

L(t−β)kij =
N

2
hkl

[

−∂k∂lhij − ∂i∂jhkl + 2∂k∂(ihj)l

]

+ Bij

where

Bij := N
[

γiklγj
kl − γij

kγkl
l − 2ki

lkjl + kijkl
l − Aij

]

,

γij
k :=

1

2
hkl(2∂(ihj)k − ∂khij),

Aij := aiaj − γij
kak − 2γiklγj

(kl) + ∂i[(∂jN)/N ],

ai := (∂iN)/N.
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ADM equations III

Hyperbolicity analysis:1) consider only the principal part,2) freeze coefficients,

3) substitute all derivatives by Fourier transforms (∂khij → iωkĥik), and4) define

ℓ̂ij = iωĥij . [Kreiss, Ortiz][Taylor]

The associated first order system is then

∂tℓ̂ij =̂ iω
[

−2Nk̂ij + ω̃kβk ℓ̂ij

]

,

∂tk̂ij =̂ iω

[

−N

2

(

ℓ̂ij + ω̃iω̃jh
klℓ̂kl − 2ω̃kω̃(iℓ̂j)k

)

+ ω̃kβkk̂ij

]

with ω̃i = ωi/ω.

Result:

ADM equations are only weakly hyperbolic (3 eigenvectors missing).

Comments on weakly hyperbolicity
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ADM equations IV

N = hbQ (h = determinant ofhij)

The associated first order system is then

∂tℓ̂ij =̂ iω
[

−2Nk̂ij + ω̃kβk ℓ̂ij

]

,

∂tk̂ij =̂ iω

[

−N

2

(

ℓ̂ij + (1 + b)ω̃iω̃jh
klℓ̂kl − 2ω̃kω̃(iℓ̂j)k

)

+ ω̃kβkk̂ij

]

Result:

Modified ADM equations forb > 0 still weakly hyperbolic (2 eigenvectors

missing).

Adding Hamiltonian constraint does not change hyperbolicity, but does

change characteristics.
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BSSN equations I

fk = hijγij
k + dhklγlm

m = hkl(hij∂ihjl + ∂l lnh) d = 0

L(t−β)hij = −2Nkij

L(t−β)kij =
N

2
hkl [−∂k∂lhij − b ∂i∂jhkl] + N∂(ifj) + Bij

L(t−β)fi = N [−(2 − c)Dkkki + (1 − c)Dikk
k] + Ci
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BSSN equations II

Hyperbolicity Analysis:

∂tℓ̂ij =̂ iω
[

−2αk̂ij + ω̃kβk ℓ̂ij

]

∂tk̂ij =̂ iω
[α

2

(

−ℓ̂ij − b ω̃iω̃jh
klℓ̂kl + 2ω̃(if̂j)

)

+ ω̃kβkk̂ij

]

∂tf̂i =̂ iω
[

α
(

(−2 + c)k̂ikω̃k + (1 − c)ω̃ih
klk̂kl

)

+ ω̃kβk f̂i

]

Result: [Nagy-Ortiz-R]

Modified BSSN equations forb > 0 c > 0 strongly hyperbolic.

Eigenvalues:(0,±1,±
√

b,±
√

c/2)
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Constraint Propagation

Evolution System:

∂tu
α = A(u, t, x)αa

β∂auβ + B(u, t, x)α,

Constraints:

CA = K(u, t, x)Aa
β∂auβ + G(u, t, x)A,

Integrability condition (subsidiary system):

∂tC
A = S(u, t, x)Aa

B∂aCB + R(u, ∂u, t, x)A
BCB ,

Want to study what can we say about the properties of the subsidiary system

from what we know from the evolution system.
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Constraint Propagation II

Problem: In generalS(u, t, x)Aa
B is not unique if the constraint themselves

satisfy certain identities.

For instance, if there is anLA(ω) such that:

LA(ω)KAn
αωn = 0

we could add toS(u, t, x)Aa
B

MAaLB

With this addition there are easy examples where one can get any sort of

badly posed systems!
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Constraint Propagation III

Assume: For anyωi, KAn
αωn is surjective.

In general this is not satisfied, but in examples of interest one finds subset of

constraints which do satisfy it. [Maxwell, EC].
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Constraint Propagation IV

Integrability condition implies:

KA(a
αA|α|b)

β − SA(a
BK|B|b)

β = 0

Lemma 1: Given any fixed non-vanishing co-vectorωa. If (σ, uα) is an

eigenvalue-eigenvector pair ofAαa
βωa then(σ, vA = KAa

αωauα), if vA is

non-vanishing, is an eigenvalue-eigenvector pair ofSAa
Bωa.
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Constraint Propagation IV

Integrability condition implies:

KAa
αAαb

βωaωb − SAa
BKBb

βωaωb = 0

Lemma 1: Given any fixed non-vanishing co-vectorωa. If (σ, uα) is an

eigenvalue-eigenvector pair ofAαa
βωa then(σ, vA = KAa

αωauα), if vA is

non-vanishing, is an eigenvalue-eigenvector pair ofSAa
Bωa.
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Constraint Propagation IV

Integrability condition implies:

KAa
αAαb

βωaωb − SAa
BKBb

βωaωb = 0

Lemma 1: Given any fixed non-vanishing co-vectorωa. If (σ, uα) is an

eigenvalue-eigenvector pair ofAαa
βωa then(σ, vA = KAa

αωauα), if vA is

non-vanishing, is an eigenvalue-eigenvector pair ofSAa
Bωa.

Corollary 1: If the evolution system is strongly hyperbolic then so is the

subsidiary system. [It does not work symmetric→ symmetric].

Corollary 2: The characteristics of the subsidiary system are a subset ofthe

characteristics of the evolution system. The domain of dependence of the

subsidiary system is at least as large as the domain of dependence of the

evolution system.
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