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rical Remarks:

heory of PDE’s is new. Was developed at around the 50's.

latter than the physical theories were stated (Fluiébssticity,
ell, QM, GR, YM)

people attempted to compute numerical solutions.

ontemporary and very active field of research. In padrdinked to
erical simulations.



hy problem

a system of first order PDE’s

A (x)0,u = F(x) wisavectorA* a matrix



hy problem

A (x)0,u = F(x) wisavectorA* a matrix



hy problem

n,, is invertible we can solve for the field off the surface if weolanthe
on the surface.

ch a case the surface is called non-characteristic uchya

u 1S a vector,A* a matrix



hy problem

hy-Kowalevski Theorem: W(x) andF'(x) are analytic then for every

tic initial dataf (Za;)) there exists a region around, such that a solution

A

2 system exists this solution is analytic and furtheemoy, = f(2).

grem’s Theorem: even whefis not analytic, if a solution exists, it is
e in a domain bounded by characteristics surfaces.

ything seemed to be O.K.



Cauchy problem: examples

G11+ P2 =f

() )] e

W In this case) = det(A¥n,) = ni +n3 = n, = 0 so there is no
characteristic surfaces.

™ Elliptic equations, if you know the solution on a nbh. of armggiou know it
everywhere.
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Cauchy problem: examples

$11— P2 =f

() )] e

M In this case) = det(A¥n,) = ni — n3 = n, = (1,+1) so there are
characteristic surfaces.

W Hyperbolic equations, characteristics are maximum prapag speeds.

W Concept of domain of dependence.
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Cauchy problem: examples

Q11+ ¢2=f

v : = L v ) 0

W In this case) = det(A*n,) =ni = n, = (0,1) so there is only a
characteristic surface.

W Parabolic equations, if you know the solution on a nbh. ofiatpgu know it
everywhere.
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tant Coefficient Systems

Uy = P(ik)t = a(t, k) = ey (0, k)



tant Coefficients: Stability

IS the solution at a given time has a continuous depe&edeith
act to initial dataPladamard
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tant Coefficients: Stability

IS the solution at a given time has a continuous depe&edeith
act to initial dataPladamard

happens if and only {£”(**)| < C independent ok. (When
idering the same norm for initial data and solution)

(& )P = llags HIIZ < CUFOIP = ClIFOIP
IF if not, there exists a sequen€&;, f;)} with | f;| = 1 and
Dfil =1

aveit is bounded by oneP(ik) is diagonalizable and has imaginary
values.



tant Coefficients: Stability

IS the solution at a given time has a continuous depe&edeith
act to initial dataPladamard

happens if and only {£”(**)| < C independent ok. (When
idering the same norm for initial data and solution)

(& )P = llags HIIZ < CUFOIP = ClIFOIP
IF if not, there exists a sequen€&;, f;)} with | f;| = 1 and
Dfil =1

eatit is not, eitherle” (%) | or |e="(**)| grows exponentially withk|?.



tant Coefficients: Stability

IS the solution at a given time has a continuous depe&edeith
act to initial dataPladamard

happens if and only {£”(**)| < C independent ok. (When
idering the same norm for initial data and solution)

(& )P = llags HIIZ < CUFOIP = ClIFOIP
IF if not, there exists a sequen€&;, f;)} with | f;| = 1 and
Dfil =1

DUt stability you can not compute anything!



g Hyperbolicity

ict to first order system3(0) = A*0, + B
ost systems can be put in first order

ore on this latter for second order systems
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g Hyperbolicity

ict to first order systemi3(0) = A0,
is|e”(F)| < C?

for eaclk,, A%k, has real eigenvalues and a complete set of
vectors (diagonalizable).

ition of Strong hyperbolicity for constant coefficiesystems

atively: It is SH if there exisH = H (k) positive definite bilinear form
thatH (k) A%k, is symmetric.



Strong Hyperbolicity

B Restrict to first order system3(0) = A%0,
B When is|e” ()| < C?

B When for eaclk,, A%k, has real eigenvalues and a complete set of
eigenvectors (diagonalizable).

M Definition of Strong hyperbolicity for constant coefficiesystems

M Alternatively: Itis SH if there existi = H (k) positive definite bilinear form
such thatH (k) A%k, is symmetric.

B Symmetric hyperbolicity: IfH does not depend dn,. Most physical systems
can be cast in Symmetric Hyp. form.
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does It works?

2 strongly hyperbolic case this limit does not depenudbwer order

//\_/



symmetric Hyperbolic World

ch Cargese Lectures



symmetric Hyperbolic World

ent times (If the system is SH for one choice of timeertht is so in an
nbh. of time choices).



symmetric Hyperbolic World

lization (If the data is vanishes in a region, then itishas in a whole
n which extends up to the characteristic surfaces).



symmetric Hyperbolic World

©= u(Ht* + HAYYu  8,J% = u(t®0,H + 9,A* + HB)u



symmetric Hyperbolic World

eness
> propagation speed

lization

ence

lity

generalize to variable coefficients

generalize to quasilinear systems



trongly Hyperbolic World

times??Difficult, but OK

2 prop. and Localizatici?’?Indirect (using Holmgrem’s) bu®K
ence??0K

lity???0K

ralize to variable coeffs?”Need pseudo-differential calculus and
In smoothness &f (x, k).

aralize to quasilinear systems, OK once previous st@Kigia iteration.



trongly Hyperbolic World

times??Difficult, but OK

2 prop. and Localizatici?’?Indirect (using Holmgrem’s) bu®K
ence??0K

lity???0K

ralize to variable coeffs?”Need pseudo-differential calculus and
In smoothness &f (x, k).

aralize to quasilinear systems, OK once previous st@Kigia iteration.

bother then!



oother? Example

equations:
Wij = 87,14]
o bk, = 8jo,,; — 8jo7; — Oé(ajWij — 8’LW]J)
1
8tW7;j = &;Ej — QﬂeiﬁkEk

2

em IS symmetric hyperbolic far< 0 and3 < —£ (most general




nother?

reat second order systems
nderstand constraint propagation

obtain most general boundary value conditions (Kialsseour)



FIrSt Order Pseudo-Diterential Sys-
tems

ou = P(u,z,t,D)u := /p(u, T, t,wi)eiwixiﬁ,dﬁ

M The above system is said to be pseudo-differential of ficioif the
following limit exists,

lim —p(u, x,t, \w;) = p1(u, x, t,w;)
A—oo \

and does not identically vanishes.

M If furthermoreip; (u, x, t,w;) has only real eigenvalues and a complete set of
eigen-vectors we say the systemsti®ngly hyperbolic.

M Strongly hyperbolic pseudo-differential operators;
are well posed. [Taylor, Kreiss-Ortiz-R]

M True, for instance, if the eigenvector multiplicity is ctanst for each
eigenvalue.
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Summary

M Strongly hyperbolic differential (and pseudo-differakisystems are well
posed— stability

M There are global energy norms (pseudo-differential opesgat~ Connection
between truncation error and solution error

M Strongly hyperbolic differential (and pseudo-differatkisystems have finite
propagation speeds. With domain of dependence given biydharacteristic
fields < finite stencils, CFL linear condition, localization

B Symmetric hyperbolic energyy Summation by parts in finite differences

M Strongly hyperbolic pseudo-energy Pseudo-spectral methods

VII Mexican School — p.21/32



ations:

-BSSN first-second order systems [Frittelli-R,
ach-Calabrese-Pullin-Tiglio, Kreiss-Ortiz, NagsttOR]

straint propagation. [Hyperbolicity properties of sigary systems of
raints.]



equations |

thab — _2kab7

Lnkab — (S)Rab — 2k ke + kapke’ Da]l\)bea

(3)R 4+ (kcc)2 o kabkab _ 07




equations Il

t—ﬁ)hij = —QNk‘ij

N
t—ﬁ)kz’j = Ehkl [—8kalhij — az'ajhkl + 2ak:a(zh])l] + Bij

Bi; = N [%-kwjkl — iyt — 2kt kKt — Az‘j] :
1



equations Il

Icity analysisl) consider only the principal par2) freeze coefficients,
ute all derivatives by Fourier transforms;; — iwkﬁik), and4) define
i- [Kreiss, Ortiz][Taylor]

ciated first order system is then
ij = W —ZNIA%J' —I—C:)kﬁkéw] :
N

» = W —E (&J SE @i@jhklékl — Zak@(iéj)k) + @kﬁkiﬂw]




equations IV

(h = determinant ot ;)

ciated first order system is then

= W -—2N]%ij —I—C:)kﬁkéw] )

_ N /. h . N

fied ADM equations fob > 0 still weakly hyperbolic (2 eigenvectors
ng).



equations |

F* = b~k 4 dhFly, ™ = WP (R 0;hy + 0 lnh)  d =0

t—gyhij = —2Nki;

N
t—gykij = Ehkl [=OkOihij — b0;0jhi] + N0 fj) + Bij

Li-pfi = N[—(2—¢)D"ky; + (1 — ¢)Diki"] + C;



equations |l

icity Analysis:

P—— 1w _—QOJAC?;]’ + @kﬁké@?]
A o -a ) e o ) ° f L k
ij = W3 (_gij — bwi@;h g + zw(ifj)) - wkﬂkkij]

el ((—2 + )k + (1 - C)@ihk%kl) T a)kﬁkﬁ]

agy-Ortiz-R]



traint Propagation

System:

ou® = A(u,t, a:)aagﬁauﬁ + B(u,t, )%,

ts:
C4 = K(u,t, az)Aagc‘?auﬁ + G(u,t,z)4,

ity condition (subsidiary system):

0,C* = S(u,t, 2)**50,CP + R(u, du, t, ) gCP



traint Propagation |

lem: In genera$(u, t, x)¢ 5 is not unique if the constraint themselves
certain identities.

ce, if there is ah4 (w) such that:

LA(w)KA" yw, =0
add tc5 (u, t, x)* 5



traint Propagation Il

me: For any;, K4"  w, iS surjective.

neral this is not satisfied, but in examples of interastfinds subset of
raints which do satisfy it. [Maxwell, EC].



traint Propagation IV

ity condition implies:

KA lelb) ) _ gAla, f1BI) , _

a 1: Given any fixed non-vanishing co-vectog. If (o, u®) is an
value-eigenvector pair df*“ sw, then(o, v = K4 w,u®), if v4 is
anishing, is an eigenvalue-eigenvector pais 6t zw,.



traint Propagation IV

ity condition implies:

KAaaAabﬁwawb — SAGBKBbgwawb =0

a 1: Given any fixed non-vanishing co-vectog. If (o, u®) is an
value-eigenvector pair df*“ sw, then(o, v = K4 w,u®), if v4 is
anishing, is an eigenvalue-eigenvector pais 6t zw,.



Constraint Propagation 1V

Integrability condition implies:

KAaaAo‘bﬁwawb — SAGBKBbgwawb =0

B Lemma 1: Given any fixed non-vanishing co-vectog. If (o, u®) is an
eigenvalue-eigenvector pair @ 3w, then(o, v = K49 w,u®), if v4 is
non-vanishing, is an eigenvalue-eigenvector pai$6f zw,,.

M Corollary 1: If the evolution system is strongly hyperbolic then so is the
subsidiary system. [It does not work symmetricsymmetric].

M Corollary 2. The characteristics of the subsidiary system are a subsie¢ of
characteristics of the evolution system. The domain of ddpece of the
subsidiary system is at least as large as the domain of depeadaf the
evolution system.
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